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Abstract. An explicit determination of all local conservation laws of kinematic type on
moving domains and moving surfaces is presented for the Euler equations of inviscid com-
pressible fluid flow in curved Riemannian manifolds in n > 1 dimensions. All corresponding
kinematic constants of motion are also determined, along with all Hamiltonian kinematic
symmetries and kinematic Casimirs which arise from the Hamiltonian structure of the in-
viscid compressible fluid equations.
1. Introduction
The study of topological, geometrical, and group-theoretic aspects of fluid equations in
dimensions n > 1 has attracted considerable interest [4, 5, 6] in the mathematical theory of
fluid flow. Two central topics in studying these aspects are Hamiltonian structures [6, 17]
and conserved integrals [9, 10].
For the Euler equations of inviscid compressible fluid flow in multi-dimensional flat man-
ifolds Rn, there is a fairly complete picture of conserved integrals that arise from local con-
servation laws (i.e. continuity equations) of kinematic type and vorticity type on domains
moving with the fluid. A kinematic conservation law, like mass, energy, momentum and an-
gular momentum, refers to a continuity equation in which the conserved density and spatial
flux involve only the fluid velocity, density and pressure, in addition to the time and space
coordinates. In contrast, a vorticity conservation law, such as helicity in three dimensions as
well as circulation and enstrophy in two dimensions, refers to a continuity equation where
the conserved density and spatial flux have an essential dependence on the curl of the fluid
velocity. These two classes of continuity equations comprise all of the local conservation laws
found to-date for inviscid compressible fluid flow in Rn (with n > 1).
An explicit classification of kinematic and vorticity conservation laws on moving domains
is known [2] in the case of inviscid compressible fluid flow with a barotropic equation of state
for the pressure. In particular, the vorticity conservation laws are comprised by helicity
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in all odd dimensions n ≥ 3 and enstrophy in all even dimensions n ≥ 2, while the only
kinematic conservation laws apart from mass, energy, momentum and angular momentum
consist of Galilean momentum which holds for all equations of state, plus a similarity energy
and a dilational energy which arise for polytropic equations of state where the pressure is
proportional to a special dimension-dependent power γ = 1 + 2/n of the density. Here a
moving domain refers to a closed volume in Rn that is transported along the streamlines of
the fluid.
A similar classification has been obtained recently [3] for inviscid non-isentropic compress-
ible fluid flow in Rn (with n > 1), where the entropy is conserved only along streamlines and
the pressure is given by an equation of state in terms of both the fluid density and entropy.
In this case, helicity and enstrophy are no longer conserved, but in all even dimensions n ≥ 2
there is a vorticity conservation law given by an entropy circulation (which vanishes when-
ever the fluid is irrotational or isentropic), plus there is one extra kinematic conservation law
consisting of volumetric entropy in any dimension. Both of these conservation laws hold for
all equations of state.
Much less is known, however, about conserved integrals for inviscid compressible fluid
flow in multi-dimensional curved manifolds. One general result is that all of the vorticity
conservation laws on moving domains for fluid flow in Rn have a natural generalization to
curved Riemannian manifolds, because these conservation laws arise as Casimir invariants
from the Hamiltonian structure of the Eulerian fluid equations [16, 8, 11]. A related result [1]
is that recently these conservation laws have been further generalized to lower-dimensional
surfaces that move with the fluid, providing new conserved integrals on moving surfaces of
any dimension in flat and curved manifolds.
The present paper will settle the open question of explicitly determining all local conserva-
tion laws of kinematic type on moving domains and moving surfaces for inviscid compressible
fluid flow in curved Riemannian manifolds. In particular, any such conservation laws will
be found that hold only for (1) special dimensions of the manifold or the surface; (2) special
conditions on the geometry of the manifold or the surface; (3) special equations of state.
Importantly, the general form of these kinematic conservation laws will be allowed to de-
pend on the intrinsic Riemannian metric, volume form, and curvature tensor of the manifold
or the surface. All kinematic constants of motion that arise from the resulting kinematic
conservation laws also will be determined.
A sequel paper will address the remaining open problem of determining whether the known
local conservation laws of vorticity type on moving domains and moving surfaces are complete
for inviscid compressible fluid flow in flat and curved manifolds.
Note, in all of this work, the fluid is assumed to fill the entire manifold. For results on
conservation laws of fluid flow with a free boundary, see Ref.[14].
In section 2, first a summary of the Euler equations of inviscid compressible fluid flow
in n-dimensional manifolds is given. Next the formulation of local conservation laws, con-
served integrals, and constants of motion is discussed for general hydrodynamic systems in
n-dimensional manifolds, and this formulation is adapted to moving domains and moving
surfaces. Finally, necessary and sufficient determining equations are presented for directly
finding all conserved densities of kinematic type on moving domains and moving surfaces for
the Eulerian fluid equations.
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The main results giving an explicit classification of all kinematic conserved densities on
moving domains and moving surfaces for inviscid compressible fluid flow in n-dimensional
manifolds are presented in section 3. A corresponding classification of kinematic constants of
motion is also stated, along with Hamiltonian kinematic symmetries and kinematic Casimirs
which arise from the Hamiltonian structure of the inviscid compressible fluid equations.
The proof of these results is carried out in section 4, by solving the determining equations
from section 2. The steps are carried out using tensorial index notation which is summarized
in an Appendix.
One interesting feature of the classifications is that special equations of state in which the
pressure depends only on the entropy of the fluid are considered. For any such equation
of state, new local conservation laws describing a generalized momentum and energy which
depend on the entropy are found to arise for non-isentropic compressible fluid flow.
Some concluding remarks are made in section 5.
2. Preliminaries
The Eulerian fluid equations in Rn are, in general, given in terms of the velocity ~u, the
mass density ρ, the entropy S, and the pressure P by
~ut + ~u · ~∇~u = −ρ
−1~∇P, (2.1)
ρt + ~∇ · (ρ~u) = 0, (2.2)
St + ~u · ~∇S = 0, (2.3)
together with a general equation of state P = P (ρ, S).
To generalize the Eulerian fluid equations to an n-dimensional manifold M [6], the only
structure needed on M is a Riemannian metric g. Let ∇ be the metric-compatible co-
variant derivative determined by ∇g = 0, and write grad and d iv for the contravariant
gradient operator and the covariant divergence operator defined by ξ⌋∇ = g(ξ, grad ) and
g(grad , ξ) = d iv ξ holding for an arbitrary vector field ξ on M . These operators are the
natural Riemannian counterparts of the gradient ~∇ and divergence ~∇· operators in Rn. For
later use, let ǫ be the volume form normalized with respect to g, and let ǫ be the dual vol-
ume tensor, satisfying ∇ǫ = 0 and g(ǫ, ǫ) = n!. Let Riem = [∇,∇] be the curvature tensor
determined from g, and let R be the scalar curvature. Also, let Grad and Div denote the
total contravariant gradient and the total covariant divergence, and let Dt denote the total
time derivative, which are respectively defined by grad , d iv , ∂t acting via the chain rule.
In this geometric notation, the covariant generalization of the fluid velocity equation (2.1)
from Rn to M is given by
ut + (u⌋∇)u = −ρ
−1gradP (2.4)
where u is the fluid velocity vector on M . Similarly the covariant equations for the fluid
mass density ρ and entropy S on M are given by
ρt + d iv (ρu) = 0, (2.5)
St + u⌋∇S = 0. (2.6)
A general equation of state is given by
P = P (ρ, S) (2.7)
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which closes the system (2.4)–(2.6). Through a standard thermodynamic relation, the pres-
sure P determines an associated internal (thermodynamic) energy which is defined by [13, 18]
e(ρ, S) =
∫
ρ−2P (ρ, S)dρ. (2.8)
A transcription between geometric notation and tensorial index notation is provided in
the beginning of Appendix B.
2.1. Local conservation laws on moving domains. For any hydrodynamic system in
a Riemannian manifold M , local conservation laws are described by a covariant continuity
equation
DtT + Div X = 0 (2.9)
holding for all formal solutions of the system, where T and X are some functions of the hy-
drodynamic variables and their spatial derivatives, as well as the time and space coordinates
t, x. Physically, the scalar function T is a conserved density while the vector function X is a
spatial flux. Note that, through their dependence on x, both T and X are allowed to depend
on the metric tensor g, volume tensor ǫ, and curvature tensor Riem.
Consider any domain (i.e. an orientable closed spatial volume) V in M through which
the fluid is flowing, and let νˆ be the outward unit normal vector on the boundary ∂V. In
integral form on V, the continuity equation (2.9) is equivalently given by
d
dt
∫
V
TdV = −
∫
∂V
g(X, νˆ)dA (2.10)
where dV = ǫ is the volume n-form (dual of the volume tensor ǫ), and dA = νˆ⌋ǫ is the
hypersurface area n− 1-form in terms of the normal vector νˆ.
A physically more useful form for expressing hydrodynamic conservation laws (2.9) and
(2.10) is obtained by considering a domain V(t) that moves with the fluid. In particular, let
each point xi ∈ V(t) be transported along streamlines in the fluid, as defined by dxi/dt =
Lux
i = u⌋∇xi (i = 1, . . . , n), where u is the fluid velocity vector and xi are local coordinates
on M . Introduce the material (advective) derivative
Dt = Dt + Lu (2.11)
where Lu denotes the Lie derivative with respect to the fluid velocity u. Then the spatial
flux through the moving boundary ∂V(t) is given by
Φ = X − Tu (2.12)
which is related to the conserved density T by the transport equation
DtT = −(d iv u)T −DivΦ (2.13)
where
d iv u =
1
n!
ǫ⌋Luǫ (2.14)
represents the expansion or contraction of an infinitesimal volume moving with the fluid.
The corresponding integral form of the transport equation (2.13) in V(t) is expressed as [1]
d
dt
∫
V(t)
TdV = −
∫
∂V(t)
g(Φ, νˆ)dA (2.15)
4
which is called a conserved integral on a moving domain in the fluid. As shown by equation
(2.15), the integral expression
∫
V(t)
TdV will be a constant of motion on V(t) ⊂M if the net
flux across the domain boundary ∂V(t) vanishes.
Both the conserved integral (2.15) and the underlying transport equation (2.13) have an
alternative formulation using differential forms, which generalizes in a simple way to moving
surfaces. The following transport identity will be needed. Let S(t) ⊂ M be an orientable
p-dimensional submanifold transported along the fluid streamlines, with 1 ≤ p ≤ n. Then
for any p-form α,
d
dt
∫
S(t)
α =
∫
S(t)
Dtα (2.16)
holds identically. (See Ref.[1] for a proof).
This identity can be applied to the volume integral in equation (2.15), while the hypersur-
face integral in equation (2.15) can be converted into a volume integral by Stokes’ theorem,
yielding
0 =
d
dt
∫
V(t)
TdV +
∫
∂V(t)
g(Φ, νˆ)dA =
∫
V(t)
Dt(Tǫ) + d(Φ⌋ǫ). (2.17)
This integral equation holds on an arbitrary moving domain V(t) iff the integrand n-form
vanishes. Hence the density T and flux Φ satisfy
Dt(Tǫ) + d(Φ⌋ǫ) = 0 (2.18)
which is equivalent to the transport equation (2.13) expressed in terms of differential forms.
Note that here d is the exterior derivative acting as a total (spatial) derivative.
2.2. Local conservation laws on moving surfaces. Let 1 ≤ p ≤ n− 1 and consider any
p-dimensional surface (i.e. an orientable submanifold) S(t) in M that moves with the fluid,
whereby each point xi ∈ S(t) is transported along the fluid streamlines, dxi/dt = Lux
i =
u⌋∇xi (i = 1, . . . , n), in local coordinates on M .
A conserved integral on a moving surface S(t) is the integral continuity equation [1]
d
dt
∫
S(t)
α = −
∫
∂S(t)
β (2.19)
for a p-form density α and a p− 1-form flux β that are some functions of the hydrodynamic
variables and their spatial derivatives, and the time and space coordinates t, x, holding for
all formal solutions of the hydrodynamic system. The dependence of α and β on x allows
them to depend on any geometrical tensors defined on the surface S(t).
The integral expression
∫
S(t)
α will be a constant of motion on S(t) ⊂ M when the flux
integral is zero for every formal solution of the hydrodynamic system. If S(t) is boundaryless
then every conserved integral (2.19) yields a constant of motion. Alternatively, if S(t) has a
boundary ∂S(t) 6= ∅ then a conserved integral (2.19) yields a constant of motion only when
β = dγ is an exact p − 1 form for all formal solutions of the hydrodynamic system, since
thereby
∫
∂S(t)
β =
∫
∂2S(t)
dγ is identically zero due to ∂2S(t) = ∅.
The density p-form α and the flux p− 1-form β in the conserved integral (2.19) satisfy a
transport equation that arises from converting the boundary integral into a surface integral
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through Stokes’ theorem and using the transport identity (2.16). This yields
0 =
d
dt
∫
S(t)
α+
∫
S(t)
dβ =
∫
S(t)
Dtα+ dβ (2.20)
which holds on an arbitrary moving surface S(t) iff the integrand p-form vanishes,
Dtα+ dβ = 0. (2.21)
Conversely, integration of this transport equation (2.21) over any moving surface S(t) yields
a conserved integral (2.19).
Note that if the conserved integral (2.19) is extended to the case p = n, with S(t) thereby
being a moving domain V(t), then it coincides with the integral continuity equation (2.15)
such that α = Tǫ and β = Φ⌋ǫ.
2.3. Trivial conservation laws. A conserved integral (2.19) on a moving submanifold
S(t), with any dimension 1 ≤ p ≤ n, reduces to a boundary integral iff the conserved density
α = dΘ is an exact p-form, holding for all formal solutions of the hydrodynamic system,
where the p − 1-form Θ is some function of the hydrodynamic variables and their spatial
derivatives, and the time and space coordinates t, x. The corresponding flux is given by the
p − 1-form β = −DtΘ from the transport equation (2.21). If this flux β is non-zero then
the resulting boundary integral has no physical significance, since the conservation equation
for the integral is just an identity,
d
dt
∫
S(t)
dΘ =
d
dt
∫
∂S(t)
Θ =
∫
∂S(t)
DtΘ (2.22)
which follows from Stokes’ theorem combined with the integral transport identity (2.16). In
this case the conserved integral (2.19) and the corresponding local conservation law (2.21)
are called trivial.
However, if the flux in a conserved boundary integral (2.22) is zero,
DtΘ = DtΘ+ LuΘ = 0, (2.23)
then the boundary integral is a constant of motion on the moving surface ∂S(t) of dimension
p − 1, assuming ∂S(t) 6= ∅. In this case the boundary integral itself is non-trivial, corre-
sponding to a non-trivial local conservation law (2.23) with a p− 1-form conserved density
Θ and with a vanishing p− 2-form flux.
When p = n, a trivial local conservation law on a moving domain is equivalent to a
conserved density given by T = DivΘ in terms of the vector function Θ = ǫ⌋Θ. The
corresponding flux is given by Φ = −DtΘ− (DivΘ)u.
2.4. Determining equations. Necessary and sufficient equations will now be derived to
determine all conserved integrals on moving domains and moving surfaces for the Euler
equations (2.4)–(2.7) of inviscid compressible fluid flow.
For fluid flow in an n-dimensional manifold M , a scalar function T will be a density for a
conserved integral (2.15) on a moving domain in the fluid iffDtT+(d iv u)T = DtT+Div (Tu)
is a total covariant divergence −DivΦ for some vector function Φ, where T and Φ depend on
the time and space coordinates t, x, the fluid variables u, ρ, S, and their spatial derivatives.
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Hence the defining equation for T and Φ to be, respectively, a conserved density and a
moving flux is simply
DtT = −Div (Tu+ Φ). (2.24)
The following result based on the variational bi-complex [15] gives necessary and sufficient
conditions to determine T .
Lemma 2.1. Let v be a tensor field on a Riemannian manifold M , and let ∇mv denote
the mth order covariant derivatives of v. A scalar function f(x, v,∇v, . . . ,∇kv) is a total
covariant divergence Div F (x, v,∇v, . . . ,∇kv) iff
Ev(f) = 0 (2.25)
where
Ev =
∂
∂v
+
k∑
m=1
g
(
(Gradm)∗,
∂
∂∇mv
)
(2.26)
is the covariant spatial Euler operator (variational derivative) with respect to v.
Here Gradm denotes the m-fold product of the total gradient operator Grad; the super-
script ∗ denotes a formal adjoint defined by
g(ξ1 ⊗ · · · ⊗ ξm, (Grad
m)∗f) = (−1)mg(ξm ⊗ · · · ⊗ ξ1,Grad
mf) (2.27)
holding for arbitrary vector fields ξi and an arbitrary scalar function f on M . A proof of
Lemma 2.1 employing index notation is given in Appendix B.
Necessary and sufficient conditions for determining T are now obtained by applying this
lemma to equation (2.24).
Proposition 2.2. All conserved densities T (t, x, u, ρ, S,∇u,∇ρ,∇S, . . . ,∇ku,∇kρ,∇kS) on
a moving domain for the Euler equations (2.4)–(2.6) of compressible fluid flow in an n-
dimensional Riemannian manifold M are determined by the (necessary and sufficient) equa-
tions
Eu(DtT ) = 0, Eρ(DtT ) = 0, ES(DtT ) = 0. (2.28)
Moreover, a density will be non-trivial iff it satisfies at least one of the conditions
Eu(T ) 6= 0, Eρ(T ) 6= 0, ES(T ) 6= 0. (2.29)
This characterization of conserved densities has a straightforward extension to moving
surfaces.
A p-form function α will be a density for a conserved integral (2.19) on a p-dimensional
moving surface in the fluid iff Dtα = Dtα+Luα is an exact form −dβ for some p− 1-form
function β, where α and β depend on the time and space coordinates t, x, the fluid variables
u, ρ, S, and their spatial derivatives. The following result based on the variational bi-complex
[15] gives necessary and sufficient conditions to determine α.
Lemma 2.3. Let v be a tensor field on a submanifold of a Riemannian manifold M
with dimension n, and let ∇mv denote the mth order covariant derivatives of v. A ho-
mogeneous p-form function f(x, v,∇v, . . . ,∇kv) with 1 ≤ p ≤ n − 1 is an exact p-form
dF (x, v,∇v, . . . ,∇kv) iff
df = 0 (2.30)
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where
d =
( ∂
∂x
+ (∇v)⌋
∂
∂v
+
k∑
m=1
(∇(∇mv))⌋
∂
∂∇mv
)
∧ (2.31)
is the total exterior derivative operator.
Here ∧ denotes the antisymmetric tensor product. A proof of Lemma 2.3 in local coordi-
nates can be found in Ref.[15]. We remark that the homogeneity condition on f is necessary,
as otherwise the p-form cohomology of M must be taken into account.
From Lemma 2.3, a necessary and sufficient condition for determining α is given by
applying d to the transport equation
Dtα+ Luα = −dβ (2.32)
which yields
Dt(dα) + Lu(dα) = 0 (2.33)
since Lie derivatives and time derivatives commute with exterior derivatives. Then the Lie
derivative identity
Lu(f) = u⌋df + d(u⌋f ) (2.34)
leads to a simple characterization of conserved p-form densities.
Proposition 2.4. All conserved homogeneous p-form densities α(t, x, u, ρ, S,∇u,∇ρ,∇S,
. . . ,∇ku,∇kρ,∇kS), with 1 ≤ p ≤ n − 1, on a p-dimensional moving surface for the Euler
equations (2.4)–(2.6) of compressible fluid flow in an n-dimensional Riemannian manifold
M are determined by the (necessary and sufficient) equation
Dt(dα) + d(u⌋dα) = 0. (2.35)
Moreover, a homogeneous density will be non-trivial iff it satisfies the condition
dα 6= 0. (2.36)
3. Main results
We begin by recalling the notion of symmetries for Riemannian manifolds.
A Riemannian manifold (M, g) possesses an isometry if there exists on M a vector field ζ
satisfying the Killing equation
Lζg = 0. (3.1)
From the Lie derivative identity Lζg = ∇⊙ζ , the Killing equation is equivalent to ∇⊙ζ = 0.
Here ⊙ denotes the symmetric tensor product. Similarly, a Riemannian manifold (M, g)
possesses a homothety if there exists on M a vector field ζ satisfying the homothetic Killing
equation
Lζg = λg, λ = const. 6= 0. (3.2)
This equation is equivalent to ∇⊙ ζ = λg.
A vector field χ on M is curl-free (irrotational) if ∇∧χ = 0. Locally on M , this condition
is equivalent to χ = ∇ψ, for some scalar field ψ. The identity 2∇ζ = ∇⊙ ζ +∇∧ ζ shows
that a curl-free vector field χ is a Killing vector ζ if and only if it is covariantly-constant,
∇χ = 0.
We now state the main classification results for kinematic conserved densities on moving
domains and moving surfaces in compressible fluid flow in Riemannian manifolds. The results
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are obtained by directly solving the respective determining equations in Propositions 2.2 and
2.4, as carried out in section 4.
3.1. Conservation laws on moving domains.
Theorem 3.1. (i) For compressible fluid flow (2.4)–(2.6) in a Riemannian manifold (M, g)
of any dimension n > 1, the non-trivial kinematic conserved densities T (t, x, u, ρ, S) admitted
for a general equation of state P (ρ, S) comprise a linear combination of
mass T = ρ (3.3)
volumetric entropy T = ρf(S) (3.4)
energy T = ρ(1
2
g(u, u) + e) (3.5)
(linear/angular) momentum T = ρg(u, ζ), Lζg = 0 (3.6)
Galilean momentum T = ρ(ψ − tu⌋∇ψ), L∇ψg = 0 (3.7)
where e is the thermodynamic energy (2.8) of the fluid, and f(S) is an arbitrary non-constant
function. (ii) The only special equations of state P (ρ, S) for which extra kinematic conserved
densities T (t, x, u, ρ, S) arise are the polytropic case
P = σ(S)ρ1+2/n (3.8)
with dimension-dependent exponent γ = 1 + 2
n
where σ(S) is an arbitrary function, and the
isobaric-entropy case
P = κ(S) (3.9)
where κ(S) is an arbitrary non-constant function. The extra admitted conserved densities
consist of a linear combination of
similarity energy T = ρ(g(u, ξ)− 1
2
λt(g(u, u) + nP )), Lξg = λg, ∇λ = 0 (3.10)
Galilean energy T = ρ(θ − tu⌋∇θ + 1
4
λt2(g(u, u) + nP )), L∇θg = λg, ∇λ = 0 (3.11)
in the polytropic case (3.8), and
non-isentropic (linear/angular) momentum T = ρg(u, ζ)f(S), Lζg = 0 (3.12)
non-isentropic energy T = 1
2
ρg(u, u)f(S)−
∫
f(S)P ′dS (3.13)
in the isobaric-entropy case (3.9), where f(S) is an arbitrary non-constant function.
The kinematic conserved integrals (2.15) corresponding to these conservation laws (3.3)–
(3.13) on an arbitrary spatial domain V(t) ⊂ M transported by the fluid are written out in
Appendix A.
The classification presented in Theorem 3.1 generalizes a recent classification [2, 3] of kine-
matic conservation laws for the compressible fluid equations (2.1)–(2.3) in Rn with equations
of state P (ρ, S) that have an essential dependence on the pressure, Pρ 6= 0. In particular,
the conserved integrals arising from the conserved densities (3.3)–(3.11) provide a covariant
generalization (cf. equations (A.1)–(A.7)) of the well-known conserved integrals [9, 10] for
mass, volumetric entropy, energy, linear and angular momentum, Galilean momentum, simi-
larity energy and Galilean energy in Rn. The conserved integrals arising from the additional
conserved densities (3.12) and (3.13) which hold for isobaric-entropy equations of state are
apparently new. These two conserved integrals (cf. equations (A.8) and (A.9)) are admitted
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for any Riemannian manifold (M, g), including the flat case Rn (but they do not appear in
the recent classification in Rn because equations of state with Pρ = 0 were not considered).
As a corollary of Theorem 3.1, note that there are no special dimensions n > 1 in which
extra kinematic conserved densities are admitted.
3.2. Conservation laws on moving surfaces.
Theorem 3.2. (i) For compressible fluid flow (2.4)–(2.6) in a Riemannian manifold (M, g)
of any dimension n > 1, no non-trivial kinematic conserved p-form densities α(t, x, u, ρ, S)
are admitted for a general equation of state P (ρ, S). (ii) The only special equations of
state for which a non-trivial kinematic conserved p-form density α(t, x, u, ρ, S) arises is the
barotropic case
P = P (ρ). (3.14)
The admitted conserved p-form density consists of
circulation α = u (p = 1) (3.15)
where u is the fluid velocity 1-form defined by the dual of u with respect to g (namely,
ζ⌋u = g(ζ, u) for an arbitrary vector field ζ).
The corresponding kinematic conserved integral (2.19) on an arbitrary curve (1-
dimensional surface) S(t) ⊂M transported by the fluid is given by the circulation
d
dt
∫
S(t)
u = −(g−1(u,u) + e− ρ−1P )
∣∣∣
∂S(t)
(3.16)
where
e(ρ) =
∫
ρ−2P (ρ)dρ (3.17)
is the thermodynamic energy of the fluid.
Unlike for conserved densities, no classification of kinematic p-form conservation laws for
compressible fluid equations have previously appeared in the literature. As a corollary of
Theorem 3.2, there are no special dimensions n > 1 in which extra kinematic conserved
1-form densities are admitted, and no conserved p-form densities for 2 ≤ p ≤ n − 1 are
admitted.
3.3. Constants of motion. Finally, we state a classification of kinematic constants of
motion on moving domains and moving surfaces in compressible fluid flow in Riemannian
manifolds by examining when the net fluxes in the kinematic conserved integrals vanish for
all solutions of the fluid equations.
A moving domain V(t) ⊂M necessarily has a non-empty boundary ∂V(t). Hence the net
flux in a conserved integral (2.15) on V(t) will vanish in general iff the flux vector Φ itself is
identically zero. In contrast, a p-dimensional moving surface S(t) ⊂M (with 1 ≤ p ≤ n−1)
either has a boundary ∂S(t) or is boundaryless. If ∂S(t) is non-empty, then the net flux in a
conserved integral (2.19) on S(t) will vanish in general iff the flux p− 1-form β is identically
zero, whereas if ∂S(t) is empty, then the net flux will always vanish identically.
From the flux expressions in the kinematic conserved integrals given by Theorem 3.1 (cf.
equations (A.1)–(A.9) on moving domains) and Theorem 3.2 (cf. equation (3.16) on moving
curves), we immediately obtain the following result.
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Theorem 3.3. For compressible fluid flow (2.4)–(2.6) in a Riemannian manifold (M, g) of
dimension n > 1, the only non-trivial kinematic constants of motion are a linear combination
of mass
∫
V(t)
ρdV and volumetric entropy
∫
V(t)
ρf(S)dV on moving domains V(t) ⊂ M , for
any equation of state P (ρ, S), and circulation
∫
S(t)
u on closed moving curves S(t) ⊂M , for
barotropic equations of state P (ρ).
3.4. Hamiltonian symmetries and Casimirs. The well-known Hamiltonian formulation
for the inviscid compressible Euler equations in Rn (cf. [12, 17]) has a straightforward co-
variant generalization to an arbitrary Riemannian manifold (M, g). In covariant form, the
Hamiltonian fluid operator is given by
H =
 (ρ−1curl u)⌋ −grad ρ−1grad S−d iv 0 0
−(ρ−1grad S)⌋ 0 0
 . (3.18)
This operator determines a Poisson bracket
{F ,G}H =
∫ (
δF/δu δF/δρ δF/δS
)
H
δG/δuδG/δρ
δG/δS
 dV (3.19)
satisfying (modulo divergence terms) antisymmetry and the Jacobi identity [15], for arbitrary
functionals F =
∫
FdV and G =
∫
GdV where F and G are functions of t, x, u, ρ, S, and
covariant derivatives of u, ρ, S. Here δ/δu, δ/δρ, δ/δS denote variational derivatives, which
respectively coincide with the spatial Euler operators Eu, Eρ, ES when acting on functions
that do not contain time derivatives of u, ρ, S.
The covariant Eulerian fluid equations (2.4)–(2.6) in (M, g) are given by
∂t
uρ
S
 = H
δE/δuδE/δρ
δE/δS
 (3.20)
in terms of the energy density (3.5) of the fluid. More generally, the covariant Hamiltonian
operator H gives rise to an explicit mapping
−H
δT/δuδT/δρ
δT/δS
 = X̂
uρ
S
 =
ηˆuηˆρ
ηˆS
 (3.21)
which produces infinitesimal symmetries (in evolutionary form) X̂ = ηˆu⌋∂u + ηˆ
ρ∂ρ + ηˆ
S∂S of
the compressible Euler equations (3.20) from conserved densities T , where the components
of the symmetry generator are given by
ηˆu = −(ρ−1curl u)⌋(δT/δu) + grad (δT/δρ)− (ρ−1grad S)(δT/δS)
ηˆρ = −d iv (δT/δu)
ηˆS = (ρ−1grad S)⌋(δT/δu)
(3.22)
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satisfying the symmetry determining equations [15, 7]
Dtηˆ
u + g(u,Grad )ηˆu + g(ηˆu, grad )u− ρ−2ηˆρgradP + ρ−1Grad (Pρηˆ
ρ + PS ηˆ
S) = 0,
Dtηˆ
ρ + (d iv u)ηˆρ + ρDiv ηˆu = 0, Dtηˆ
S + g(ηˆu, grad S) + g(u,Grad ηˆS) = 0
(3.23)
for all solutions of the compressible Euler equations (2.4)–(2.6).
A conserved density T that lies in the kernel of the Hamiltonian operator (3.18) determines
a conserved integral called a Casimir [15] of the Hamiltonian structure. Every Casimir
corresponds to a trivial symmetry, X = 0. From Theorem 3.1, a simple calculation shows
that the only Casimirs arising from kinematic conserved densities T (t, x, u, ρ, S) are linear
combinations of the mass
∫
V(t)
ρdV and the volumetric entropy
∫
V(t)
ρf(S)dV . In addition,
all of the remaining kinematic conserved densities can be seen to give rise to non-trivial
symmetries with components of the form
ηˆu = ηu − τut − (χ⌋∇)u, ηˆ
ρ = ηρ − τρt − χ⌋∇ρ, ηˆ
S = ηS − τSt − χ⌋∇S (3.24)
which are equivalent to infinitesimal point transformations X = τ∂t+χ⌋∂x+ η
u⌋∂u+ η
ρ∂ρ+
ηS∂S on (t, x, u, ρ, S) where η
u, ηρ, ηS are functions of t, x, u, ρ, S, while τ , χ are functions
only of t, x.
In particular, the kinematic conserved densities for energy (3.5), (linear/angular) momen-
tum (3.6), and Galilean momentum (3.7), which exist for a general equation of state (2.7),
respectively yield the point symmetries
time-translation X = ∂t, (3.25)
isometry X = ζ⌋∂x +
1
2
g(u, curl ζ)⌋∂u, (3.26)
Galilean boost X = t(gradψ)⌋∂x + gradψ⌋∂u. (3.27)
The extra kinematic conserved densities consisting of similarity energy (3.10) and Galilean
energy (3.11), which exist only for a polytropic equation of state (3.8), and non-isentropic
energy (3.13) and non-isentropic momentum (3.12), which exist only for an isobaric-entropy
equation of state (3.9), yield the respective point symmetries
similarity scaling X = λt∂t + ξ⌋∂x −
1
2
λnρ∂ρ +
1
2
(g(u, curl ξ)− λu)⌋∂u, (3.28)
Galilean dilation X = 1
2
λt2∂t + t(grad θ)⌋∂x −
1
2
λntρ∂ρ + (grad θ −
1
2
tλu)⌋∂u, (3.29)
and
generalized isometry X = f(S)ξ⌋∂x − ρLξf(S)∂ρ +
1
2
g(u, curl ξ)⌋∂u, (3.30)
generalized time-translation X = f(S)∂t + ρLuf(S)∂ρ. (3.31)
Note the symmetry (3.26) describes a space-translation symmetry if the Killing vector ζ
is curl-free (irrotational) and non-vanishing at every point in M , or a rotation symmetry
if the Killing vector ζ is not curl-free and vanishes at a single point (center of rotation) in
M around which its integral curves are closed. If the Killing vector ζ does not have either
of these properties, then the physical interpretation of the symmetry (3.26) depends on the
nature of the zeroes and integral curves of ζ in M .
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4. Solution of the determining equations
In index notation (B.9)–(B.11), the Euler equations (2.4)–(2.7) for inviscid compressible
fluid flow in an n-dimensional Riemannian manifold M are written as
uit = −u
j∇ju
i − ρ−1DiP, (4.1)
ρt = −∇i(ρu
i), (4.2)
St = −u
i∇iS, (4.3)
P = P (ρ, S), (4.4)
where DiP = Pρ∇
iρ+ PS∇
iS.
4.1. Moving domains. A general kinematic conserved density has the form
T (t, xi, ui, ρ, S). (4.5)
Its total time derivative is given by
DtT = Tt − Tui(u
j∇ju
i + ρ−1(Pρ∇
iρ+ PS∇
iS))− Tρ∇i(ρu
i)− TSu
i∇iS (4.6)
on the space of (formal) solutions of the fluid equations (4.1)–(4.4). From Proposition 2.2, all
kinematic conserved densities (4.5) are determined by the necessary and sufficient equations
Eui(DtT ) = 0, Eρ(DtT ) = 0, ES(DtT ) = 0. (4.7)
Expressions for the covariant spatial Euler operators Eui , Eρ and ES are shown in index no-
tation in equations (B.18) and (B.17). The proper setting for evaluating Eui(DtT ), Eρ(DtT ),
ES(DtT ) is the first-order jet space J
1(ui, ρ, S) of the dynamical variables, which is coordi-
natized by (t, xi, ui, ρ, S,∇ju
i,∇jρ,∇jS). Note that the covariant derivatives ∇i and ∇
i will
act on T only with respect to its explicit dependence on the coordinate xi.
A straightforward calculation yields
Eρ(DtT ) =Ttρ + u
i∇iTρ + ρ
−1Pρ∇
iTui − ρTρρ∇iu
i + ρ−1PρTuiuj∇
iuj
+ (ρPρTukS − ρPSTukρ + PSTuk)ρ
−2∇kS,
(4.8)
ES(DtT ) =TtS + u
i∇iTS + ρ
−1PS∇
iTui − (ρPρTukS − ρPSTukρ + PSTuk)ρ
−2∇kρ
+ ρ−1PSTuiuj∇
iuj + (TS − ρTρS)∇iu
i,
(4.9)
Eui(DtT ) =Ttui + ρ∇iTρ + u
j∇jTui + ρTρρ∇iρ− ρ
−1PρTuiuj∇
jρ− ρ−1PSTuiuj∇
jS
+ (ρTρS − TS)∇iS + (Tui − ρTuiρ)∇ju
j + (ρTujρ − Tuj )∇iu
j.
(4.10)
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By splitting each of these equations with respect to ∇kρ, ∇kS, ∇juk, we get the system of
determining equations
Ttρ + u
i∇iTρ + ρ
−1Pρ∇
iTui = 0, (4.11)
ρPρTukS − ρPSTukρ + PSTuk = 0, (4.12)
ρ2Tρρgjk − PρTujuk = 0, (4.13)
TtS + u
i∇iTS + ρ
−1PS∇
iTui = 0, (4.14)
ρ−1PSTujuk + gjk(TS − ρTρS) = 0, (4.15)
Ttuk + ρ∇kTρ + u
j∇jTuk = 0, (4.16)
gjk(Tui − ρTuiρ) + gij(ρTukρ − Tuk) = 0, (4.17)
which are to be solved for T (t, xi, ui, ρ, S) and P (ρ, S). We are interested only in non-trivial
solutions, such that T and P each have some homogeneous dependence on at least one of ui,
ρ, S. Note P can be determined only up to an arbitrary additive constant.
In these equations (4.11)–(4.17), note that t, xi, ui, ρ, S are regarded as independent vari-
ables, while gjk is a function of x
i such that ∇igjk = 0. Hereafter we assume
n > 1, (4.18)
Tui 6= 0 or Tρ 6= 0 or TS 6= 0, (4.19)
Pρ 6= 0 or PS 6= 0. (4.20)
To proceed, we contract equation (4.17) with gij, which yields
ρTukρ − Tuk = 0 (4.21)
due to the condition (4.18). By integrating equation (4.21) with respect to ρ first and uk
next, we obtain
T = ρA(t, xi, ui, S) +B(t, xi, ρ, S). (4.22)
Equation (4.12) then becomes
PρAukS = 0. (4.23)
We will return to this equation later, since it gives a case splitting.
Next, we find equations (4.13) and (4.15) simplify to give
gjkB˜ρ + PρAujuk = 0, gjkB˜S + PSAujuk = 0, (4.24)
with
B˜ = B − ρBρ. (4.25)
By taking ∂ui of equation (4.24) and using condition (4.20), we get Auiujuk = 0 which gives
A = 1
2
gjku
jukA˜(t, xi, S) + ujCj(t, x
i, S) + C0(t, x
i, S). (4.26)
After we substitute this expression back into equation (4.24), we have
B˜ρ + PρA˜ = 0, B˜S + PSA˜ = 0. (4.27)
Then by integrating this pair of equations with respect to ρ and S, we obtain
B˜ = −PA˜+
∫
PA˜S dS + B˜0(t, x
i). (4.28)
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With the use of
PρA˜S = 0 (4.29)
which follows from splitting equation (4.23) with respect to uj, we now substitute equation
(4.28) into equation (4.25) and integrate, giving
B = ρeA˜ +
∫
PA˜S dS + B˜0(t, x
i) (4.30)
where e(ρ, S) is the thermodynamic energy (2.8) defined in terms of P (ρ, S).
Then combining expressions (4.30), (4.26), (4.22), we see that the solution of the de-
termining equations (4.12), (4.13), (4.15), (4.17), up to the case splitting (4.23), is given
by
T = ρ(1
2
gjku
juk + e)A˜+ ρujCj + ρC0 +
∫
PA˜S dS + B˜0. (4.31)
Note the term B˜0(t, x
i) in this expression is a trivial conserved density (namely, it does not
satisfy condition (4.19)), and hence we will put
B˜0 = 0. (4.32)
Substituting T from equations (4.31) and (4.32) into the remaining determining equations
(4.11), (4.14), (4.16), and using equation (4.29), we get the system of equations
2∇(iCj) + A˜tgij = 0, (4.33)
∇iA˜ = 0, (4.34)
C it +∇iC0 + (Pρ + e+ ρeρ)∇iA˜ = 0, (4.35)
ρC itS + ρ∇iC0S + ρ(e∇iA˜)S + (P∇iA˜)S = 0, (4.36)
C0t + Pρ∇
iC i + (e+ ρeρ)A˜t = 0, (4.37)
ρC0St + PS∇
iC i + ρ(eA˜t)S + PA˜tS = 0, (4.38)
for A˜(t, xi, S), Cj(t, x
i, S), C0(t, x
i, S).
First, from equation (4.34), we have
A˜ = A˜0(t, S). (4.39)
Next, we contract equation (4.33) with gij, which gives
∇iC i = −
n
2
A˜0t. (4.40)
Substituting these expressions (4.40) and (4.39) into the remaining equations in the system,
we find that equations (4.35) and (4.36) reduce to a single equation
C it +∇iC0 = 0, (4.41)
while equations (4.37) and (4.38) become
C0t + (ρe−
n
2
P )ρA˜0t = 0, (4.42)
C0St + (eS −
n
2
ρ−1PS)A˜0t + (e+ ρ
−1P )A˜0tS = 0. (4.43)
We apply ∇i to equation (4.42), which gives ∇iC0t = 0. Integrating this equation, we get
C0 = F (x
i, S) +G(t, S). (4.44)
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Now we integrate equation (4.41) with respect to t, which yields
Cj = −t∇jF +Hj(x
i, S). (4.45)
Next we apply ∂2t to equation (4.40), giving A˜0ttt = 0. Hence we have
A˜0 = I0(S) + tI1(S) + t
2I2(S). (4.46)
Then by integrating equation (4.42) with respect to t, we get
G = (n
2
P − ρe)ρ(tI1 + t
2I2) + J(S). (4.47)
We note ∂ρ of expression (4.47) yields (
n
2
P − ρe)ρρ(tI1 + t
2I2) = 0. After this equation is
separated with respect to t, it is equivalent to the equation
(P − 2
n
ρe)ρρA˜0t = 0. (4.48)
Also, we find equation (4.43) then reduces to give
(ρ−1PS − PρS +
2
n
ρeρS)A˜0t = (Pρ −
2
n
(ρeρ + ρ
−1P ))A˜0tS. (4.49)
These equations (4.49) and (4.48) give case splittings, which we will return to later. Last,
equation (4.33) separates with respect to t, yielding
2∇(iHj) = −gijI1, ∇i∇jF = gijI2. (4.50)
The expressions (4.47), (4.46), (4.45), (4.44), (4.39), (4.31), together with equation (4.50),
comprise the general solution of the determining equations (4.11)–(4.17), up to the case
splittings (4.49), (4.48), (4.23).
Finally, we consider the various case splittings. From equation (4.48) combined with
expression (2.8), we directly have
Pρρ −
2
n
ρ−1Pρ = 0 or A˜0t = 0. (4.51)
Similarly, from equation (4.23) combined with expressions (4.26), (4.39), (4.45), we also have
Pρ = 0 or A˜0S = CkS = 0. (4.52)
These equations produce three distinct case splittings, as determined by the ρ dependence of
P . The remaining case splitting is given by equation (4.49), which has a more complicated
form
((1 + 2
n
)ρ−1PS − PρS)A˜0t = PρA˜0tS (4.53)
depending on the ρ and S dependence of P .
Case 1: Pρ = 0.
From this condition, we have that P is given by the equation of state P = P (S) and hence
e = −ρ−1P (S) is the thermodynamic energy, where PS 6= 0 due to condition (4.20). Then
equations (4.51) and (4.52) yield no conditions on A˜0 and Ck, while equation (4.53) reduces
to the condition
A˜0t = 0. (4.54)
From the expression (4.46) for A˜0, we see that equation (4.54) gives
I1 = I2 = 0. (4.55)
Then equation (4.50) becomes
∇(iHj) = 0, ∇i∇jF = 0. (4.56)
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This yields
∇jF =
∑
a
µ(a)(S)∇jψ(a)(x
i), Hj =
∑
a
ν(a)(S)ζ (a)j(x
i) (4.57)
where
∇(iζ (a)j) = 0, ∇i∇jψ(a) = 0. (4.58)
Since there are no further conditions, the expression (4.31) for the conserved density T
becomes (after an integration by parts in the integral term)
T = ρ(J + F ) + ρ(Hj − t∇jF )u
j + 1
2
ρI0gjku
juk −
∫
I0PS dS (4.59)
with arbitrary functions I0(S), J(S), µ(a)(S), ν(a)(S), and with arbitrary Killing vectors
ζj(a)(x
i), in addition to potentials ψ(a)(x
i) for arbitrary curl-free Killing vectors. From the
transport equation (2.24), a straightforward calculation now yields the moving flux associated
to T ,
Φi = gij
∫
(Hj − t∇jF )PS dS + u
i
∫
I0PS dS. (4.60)
Case 2: Pρ 6= 0 and
n
2
Pρρ − ρ
−1Pρ = 0.
By solving these conditions, we find that P is given by the equation of state P = σ(S)ργ+
σ0(S), with γ = 1+
2
n
, and hence e = 1
γ−1
σ(S)ργ−1−ρ−1σ0(S) is the thermodynamic energy.
Then equations (4.51), (4.52), (4.53) yield
A˜0S = 0, CkS = 0, σ0SA˜0t = 0. (4.61)
Substituting the expressions (4.46) and (4.45) for A˜0 and Ck respectively into equation (4.61),
we get
I1 = Iˆ1 = const., I2 = Iˆ2 = const., (4.62)
∇jF = ∇jFˆ (x
i), Hj = Hˆj(x
i), (4.63)
along with the case splitting
σ0 = const. or Iˆ1 = Iˆ2 = 0. (4.64)
If σ0 = const. then from equation (4.50) combined with expressions (4.63), we have
∇jFˆ = ∇jθ(x
i) +∇jψ(x
i), Hˆj = ξj(x
i) + ζj(x
i) (4.65)
where
2∇(iξj) = −gij Iˆ1, Iˆ1 = −
2
n
∇iξi, (4.66)
∇i∇jθ = gij Iˆ2, Iˆ2 =
1
n
∇i∇iθ, (4.67)
∇(iζj) = 0, ∇i∇jψ = 0. (4.68)
Since there are no further conditions, the expression (4.31) for the conserved density T in
this case is given by
T =ρ(J + Fˆ ) + ρ(Hˆj − t∇jFˆ )u
j + (Iˆ2t
2 + Iˆ1t+ I0)(
1
2
ρgjku
juk + 1
γ−1
σργ − σ0) (4.69)
with arbitrary constants σ0, I0, arbitrary functions σ(S), J(S), and with an arbitrary homo-
thetic Killing vector ξj(xi), an arbitrary Killing vector ζj(xi), in addition to a potential θ(xi)
for an arbitrary curl-free homothetic Killing vector, and a potential ψ(xi) for an arbitrary
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curl-free Killing vector, where Iˆ1, Iˆ2 are scaling constants associated to the homotheties. We
note the term −(Iˆ2t
2 + Iˆ1t + I0)σ0 in T is a trivial conserved density (namely, it does not
satisfy condition (4.19)), and hence we will put σ0 = 0. Then, from the transport equation
(2.24), the moving flux associated to T is given by
Φi = (Hˆj − t∇jFˆ )g
ijP + (Iˆ2t
2 + Iˆ1t + I0)u
iP. (4.70)
Instead, if σ0 6= const., then we have Iˆ1 = Iˆ2 = 0. Consequently, equation (4.50) combined
with equation (4.63) reduces to equation (4.56), which yields
∇jFˆ = ∇jψ(x
i), Hˆj = ζj(x
i) (4.71)
where ζj, ψ satisfy equation (4.68). Since there are no further conditions, in this case the
expression (4.31) for the conserved density T becomes
T = ρ(J + Fˆ ) + ρ(Hˆj − t∇jFˆ )u
j + I0(
1
2
ρgjku
juk + 1
γ−1
σργ − σ0) (4.72)
with an arbitrary constant I0, arbitrary functions σ(S), σ0(S), J(S), and with an arbitrary
Killing vector ζj(xi), in addition to a potential ψ(xi) for an arbitrary curl-free Killing vector.
From the transport equation (2.24), the moving flux associated to T is given by
Φi = (Hˆj − t∇jFˆ )g
ijP + I0u
iP. (4.73)
Case 3: Pρ 6= 0 and
n
2
Pρρ − ρ
−1Pρ 6= 0.
In this case, P is given by a general equation of state P = P (ρ, S) other than the form
arising in Case 2, and hence the thermodynamic energy e has the general form (2.8). We
then find equations (4.51), (4.52), (4.53) yield the conditions
A˜0t = 0, A˜0S = 0, CkS = 0. (4.74)
Substituting the expressions (4.46) and (4.45) for A˜0 and Ck into these conditions, we get
I1 = I2 = 0, I0 = const., (4.75)
∇jF = ∇jFˆ (x
i), Hj = Hˆj(x
i). (4.76)
Consequently, equation (4.76) together with equation (4.50) reduces to equations (4.56) and
(4.71). Since there are no further conditions, the expression (4.31) for the conserved density
T is therefore given by
T = ρ(J + Fˆ ) + ρ(Hˆj − t∇jFˆ )u
j + I0ρ(
1
2
gjku
juk + e) (4.77)
with an arbitrary constant I0, an arbitrary function J(S), and with an arbitrary Killing vector
ζj(xi), in addition to a potential ψ(xi) for an arbitrary curl-free Killing vector. Similarly to
the previous case, the moving flux associated to T is given by
Φi = (Hˆj − t∇jFˆ )g
ijP + I0u
iP. (4.78)
4.2. Moving surfaces. A general kinematic p-form conserved density, with 1 ≤ p < n, has
the form
αi1···ip(t, x
i, ui, ρ, S) (4.79)
where αi1···ip = α[i1···ip] is totally antisymmetric. From Proposition 2.4 combined with the
identity (B.15), all kinematic conserved densities (4.79) are determined by the necessary and
sufficient equation
DtD[jαi1···ip] +Dk(u
kD[jαi1···ip]) + (p+ 2)D[kαi1···ip∇j]u
k = 0. (4.80)
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The proper setting for evaluating this equation is the second-order jet space J2(ui, ρ, S)
of the dynamical variables, which is coordinatized by (t, xi, ui, ρ, S,∇ju
i,∇jρ,∇jS,
∇(j∇k)u
i,∇j∇kρ,∇j∇kS), where, from relations (B.12),
∇[j∇k]u
i = −1
2
Rjkl
iul, ∇[j∇k]ρ = ∇[j∇k]S = 0. (4.81)
Note that the covariant derivatives ∇i and ∇
i will act on αi1···ip only with respect to its
explicit dependence on the coordinate xi.
It will be useful to work with the dual of equation (4.80) as follows. Let
T j1···jq = ǫj1···jqi1···ipαi1···ip (4.82)
which is a skew tensor given by the dual of αi1···ip , with
q = n− p, 1 ≤ q < n (4.83)
for convenience. Now apply ǫjj1···jq−1i1···ip to equation (4.80), yielding
DtDkT
j1···jq−1k +Dj(u
jDkT
j1···jq−1k)− (q − 1)∇ju
[j1DkT
|j|···jq−1]k = 0. (4.84)
This is the necessary and sufficient determining equation for conserved tensor densities of
rank q.
The total divergence of T j1···jq is given by
DkT
j1···jq−1k = ∇kT
j1···jq−1k + T j1···jq−1kui∇ku
i + T j1···jq−1kρ∇kρ+ T
j1···jq−1k
S∇kS. (4.85)
A straightforward calculation of the terms in equation (4.84) then yields
(∇ju
j)DkT
j1···jq−1k =(∇kT
j1···jq−1k + T j1···jq−1kui∇ku
i + T j1···jq−1kρ∇kρ
+ T j1···jq−1kS∇kS)∇ju
j,
(4.86)
ujDjDkT
j1···jq−1k =uj(T j1···jq−1kui∇j∇ku
i + T j1···jq−1kρ∇j∇kρ+ T
j1···jq−1k
S∇j∇kS
+ 2∇(j|T
j1···jq−1k
ui∇|k)u
i + 2∇(j|T
j1···jq−1k
ρ∇|k)ρ
+ 2∇(j|T
j1···jq−1k
S∇|k)S +∇j∇kT
j1···jq−1k
+ T j1···jq−1kuiul∇ku
i∇ju
l + T j1···jq−1kρρ∇kρ∇jρ
+ T j1···jq−1kSS∇kS∇jS + 2T
j1···jq−1k
uiρ∇(ku
i∇j)ρ
+ 2T j1···jq−1kuiS∇(ku
i∇j)S + 2T
j1···jq−1k
ρS∇(kρ∇j)S),
(4.87)
∇ju
[j1DkT
|j|···jq−1]k =∇ju
[j1(∇kT
|j|···jq−1]k + T |j|···jq−1]kui∇ku
i + T |j|···jq−1]kρ∇kρ
+ T |j|···jq−1]kS∇kS),
(4.88)
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and
Dt(∇kT
j1···jq−1k) =−∇kT
j1···jq−1k
ui(u
j∇ju
i + ρ−1(Pρ∇
iρ+ PS∇
iS))
−∇kT
j1···jq−1k
ρ∇i(ρu
i)−∇kT
j1···jq−1k
Su
i∇iS +∇kT
j1···jq−1k
t,
(4.89)
Dt(T
j1···jq−1k
ui∇ku
i) =− T j1···jq−1kui∇k(u
j∇ju
i + ρ−1(Pρ∇
iρ+ PS∇
iS))
− T j1···jq−1kului∇ku
l(uj∇ju
i + ρ−1(Pρ∇
iρ+ PS∇
iS))
− T j1···jq−1kulρ∇ku
l∇i(ρu
i)− T j1···jq−1kulSu
i∇ku
l∇iS
+ T j1···jq−1ktui∇ku
i,
(4.90)
Dt(T
j1···jq−1k
ρ∇kρ) =− T
j1···jq−1k
ρ∇k∇i(ρu
i) + T j1···jq−1ktρ∇kρ
− T j1···jq−1kρui∇kρ(u
j∇ju
i + ρ−1(Pρ∇
iρ+ PS∇
iS))
− T j1···jq−1kρρ∇kρ∇i(ρu
i)− T j1···jq−1kρSu
i∇kρ∇iS,
(4.91)
Dt(T
j1···jq−1k
S∇kS) =− T
j1···jq−1k
S∇k(u
i∇iS) + T
j1···jq−1k
tS∇kS
− T j1···jq−1kSui∇kS(u
j∇ju
i + ρ−1(Pρ∇
iρ+ PS∇
iS))
− T j1···jq−1kSρ∇kS∇i(ρu
i)− T j1···jq−1kSSu
i∇kS∇iS,
(4.92)
on the space of (formal) solutions of the fluid equations (4.1)–(4.4).
We now substitute expressions (4.86)–(4.92) into the determining equation (4.84), combine
terms after use of the derivative identities (4.81), and split the resulting expression with
respect to ∇(j∇k)u
l, ∇j∇kρ, ∇j∇kS, ∇ju
l∇ku
m, ∇ju
l∇kρ, ∇ju
l∇kS, ∇jρ∇kρ, ∇jS∇kS,
∇jρ∇kS, ∇ju
l, ∇kρ, ∇kS. This yields the system of determining equations
δl
(j|T j1···jq−1|k)ρ = 0, (4.93)
PρT
j1···jq−1(k
uig
j)i = PST
j1···jq−1(k
uig
j)i = 0, (4.94)
(q − 1)(δl
[j1T |j|···jq−1]kum + δm
[j1T |k|···jq−1]jul) + T
j1···jq−1k
ulδm
j + T j1···jq−1jumδl
k
+ (ρT j1···jq−1kρum − T
j1···jq−1k
um)δl
j + (ρT j1···jq−1jρul − T
j1···jq−1j
ul)δm
k = 0,
(4.95)
(T j1···jq−1(kui(ρ
−1Pρ)ρ + T
j1···jq−1(k
ρuiρ
−1Pρ)g
j)i = 0, (4.96)
(T j1···jq−1(kuiPSS + T
j1···jq−1(k
SuiPS)g
j)i = 0, (4.97)
(q − 1)δl
[j1T |j|···jq−1]kρ + ρT
j1···jq−1k
ρρδl
j
+ T j1···jq−1jρδl
k + T j1···jq−1juluig
ikρ−1Pρ = 0,
(4.98)
(q − 1)δl
[j1T |j|···jq−1]kS + ρT
j1···jq−1k
Sρδl
j
+ 2T j1···jq−1[jSδl
k] + T j1···jq−1juluig
ikρ−1PS = 0,
(4.99)
(T j1···jq−1kuiPSρ + T
j1···jq−1k
SuiPρ)ρ
−1gij
+ (T j1···jq−1jui(ρ
−1PS)ρ + T
j1···jq−1j
ρuiρ
−1PS)g
ik = 0,
(4.100)
(∇kT
j1···jq−1k − ρ∇kT
j1···jq−1k
ρ)δl
j + T j1···jq−1j tul
− (q − 1)δl
[j1∇kT
|j|···jq−1]k + uk∇kT
j1···jq−1j
ul = 0,
(4.101)
uj∇jT
j1···jq−1k
ρ −∇jT
j1···jq−1j
uig
ikρ−1Pρ + T
j1···jq−1k
tρ = 0, (4.102)
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uj∇jT
j1···jq−1k
S −∇jT
j1···jq−1j
uig
ikρ−1PS + T
j1···jq−1k
tS = 0, (4.103)
uj∇j∇kT
j1···jq−1k +∇kT
j1···jq−1k
t +
1
2
ρukT j1···jq−1jρRjk − u
julT j1···jq−1kuiRjkl
i = 0,
(4.104)
which are to be solved for T j1···jq(t, xi, ui, ρ, S) and P (ρ, S). We are interested only in non-
trivial solutions, such that T j1···jq and P each have some homogeneous dependence on at least
one of ui, ρ, S, where P can be determined only up to an arbitrary additive constant. In
these equations (4.93)–(4.104), note that t, xi, ui, ρ, S are regarded as independent variables,
while gjk is a function of x
i such that ∇igjk = 0. Hereafter we assume the conditions (4.18),
(4.19), and (4.20), as before.
To proceed, we contract equation (4.93) with δj
l and integrate with respect to ρ, which
yields
T j1···jq = T˜ j1···jq(t, xi, ui, S). (4.105)
Then equation (4.98) reduces to give
T˜ j1···jq−1juluiPρ = 0. (4.106)
Next we combine equation (4.100) with equations (4.94) and (4.105) to get
T˜ j1···jq−1jSuiPρ + T˜
j1···jq−1j
uiρ
−1PS = 0. (4.107)
By taking ∂ul of this equation and using ∂S of equation (4.106) , we obtain
T˜ j1···jq−1jului(PS − ρPSρ) = 0. (4.108)
From equations (4.106) and (4.108) we get T˜ j1···jq−1jului = 0 due to condition (4.20). This
gives
T˜ j1···jq = Aj1···jq(t, xi, S) + ukBk
j1···jq(t, xi, S). (4.109)
Next, we see equation (4.99) splits with respect to ui, yielding
(q − 1)δl
[j1A|j|···jq−1]kS + 2A
j1···jq−1[j
Sδl
k] = 0, (4.110)
(q − 1)δl
[j1Bi
|j|···jq−1]k
S + 2Bi
j1···jq−1[j
Sδl
k] = 0. (4.111)
By contracting each of these equations with δk
l, and using condition (4.83), we get
Aj1···jq−1jS = 0, and Bi
j1···jq−1j
S = 0, which gives
Aj1···jq−1j = A˜j1···jq−1j(t, xi), Bi
j1···jq−1j = B˜i
j1···jq−1j(t, xi). (4.112)
Then equation (4.107) yields
PSB˜i
j1···jq = 0. (4.113)
We will return to this equation later, since it gives a case splitting.
We now note equation (4.94) becomes B˜i
j1···jq−1(kgj)i = 0 due to condition (4.20). Hence
B˜i
j1···jqgki = B˜i
[j1···jqgk]i = B˜kj1···jq (4.114)
is a skew tensor. We then find equations (4.96) and (4.97) are identities, while equation
(4.95) becomes (q− 1)δ[l
[j1B˜m]
|j|···jq−1]k +2B˜[m
j1···jq−1[jδl]
k] = 0. By contracting this equation
with δk
m, we obtain
(n− 1− q)B˜l
j1···jq−1k = 0. (4.115)
This equation gives a case splitting, which we will return to later.
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Then combining expressions (4.112), (4.109), (4.105), we find that the solution of the
determining equations (4.93)–(4.100), up to the case splittings (4.115) and (4.113), is given
by
T j1···jq = A˜j1···jq + ukB˜k
j1···jq (4.116)
where B˜k
j1···jq(t, xi) satisfies equation (4.114). The term A˜j1···jq(t, xi) in T is a trivial con-
served density (namely, it does not satisfy condition (4.19)), and hence we will put
A˜j1···jq = 0. (4.117)
Substituting expressions (4.116) and (4.117) for T into the remaining determining equa-
tions (4.101)–(4.104), and splitting with respect to ui, we get the system of equations
Pρ∇jB˜k
j1···jq−1j = 0, (4.118)
PS∇jB˜k
j1···jq−1j = 0, (4.119)
∇kB˜m
j1···jq−1kδl
j − (q − 1)δl
[j1∇kB˜m
|j|···jq−1]k +∇mB˜l
j1···jq−1j = 0, (4.120)
B˜l
j1···jq−1j
t = 0, (4.121)
∇kB˜l
j1···jq−1j
t = 0, (4.122)
∇(j∇|k|B˜l)
j1···jq−1k + B˜i
j1···jq−1kRk(jl)
i = 0. (4.123)
From condition (4.20), we have that equations (4.118) and (4.119) yield ∇jB˜k
j1···jq−1j = 0.
Then equation (4.120) simplifies to give ∇mB˜l
j1···jq−1j = 0. This equation, combined with
equation (4.121), yields
B˜l
j1···jq = glkBˆ
kj1···jq (4.124)
where Bˆkj1···jq is a covariantly constant skew tensor. Hence, equation (4.122) becomes an
identity, while equation (4.123) holds as a consequence of the symmetries (B.16) of the
Riemann tensor.
Finally, we consider the case splittings. Clearly, we want B˜i
j1···jq 6= 0, otherwise T will
be trivial. Hence equations (4.113) and (4.115) directly give PS = 0 and q = n − 1. In
this case, we have that P is given by the barotropic equation of state P = P (ρ) and hence
the thermodynamic energy e has the general barotropic form e(ρ) =
∫
ρ−2P (ρ)dρ. Since
q = n− 1, the covariantly constant skew tensor Bˆkj1···jn−1 is a multiple of the volume tensor
ǫkj1···jn−1,
Bˆj1···jn = Bˆ0ǫ
j1···jn, Bˆ0 = const.. (4.125)
Thus, expression (4.116) becomes
T j1···jn−1 = Bˆ0gklǫ
kj1···jn−1uk (4.126)
which is the general solution of the determining equations (4.93)–(4.104) modulo trivial
terms, where Bˆ0 is an arbitrary constant.
From equation (4.82), the dual p-form density corresponding to the skew tensor density
T j1···jn−1 is given by
αi = Bˆ0giju
j, p = n− q = 1. (4.127)
By a straightforward calculation we find that the associated p− 1-form flux in the transport
equation (2.32) is given by
β = −Bˆ0(
1
2
giju
iuj + e− ρ−1P ) (4.128)
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which is a scalar (since p− 1 = 0).
5. Concluding remarks
The classification results in section 3 apply generally to inviscid compressible fluids when
the fluid flow is either isentropic (in which case S is constant throughout the fluid domain
M) or non-isentropic (in which case S is constant only along fluid streamlines in M). This is
a consequence of the case-splitting method that is used in section 4 to solve the determining
equations. More specifically, although the isentropic fluid equations (2.1)–(2.2) could pos-
sibly admit additional conservation laws that do not hold for non-isentropic fluid flow, the
determining equations show that this possibility does not occur. As a consequence, it turns
out that all kinematic conservation laws of isentropic fluid flow arise from the kinematic
conservation laws of non-isentropic fluid by simply restricting the entropy S to be constant
in M .
It is worth emphasizing that these classification results are complete for conservation laws
of kinematic form on moving domains and moving surfaces. Kinematic conservation laws are
a physically important but limited class. In a subsequent paper, it is planned to classify all
conservation laws of vorticity form on moving domains and moving surfaces. This class of
conservation laws turns out to be much larger than the class of kinematic conservation laws,
as shown by the examples of new conserved vorticity integrals found in recent work [1].
A fully complete classification of fluid conservation laws will require going beyond those
two forms for conserved densities and spatial fluxes, in particular by allowing dependence
on arbitrary high order derivatives of all the fluid variables. This open problem will remain
a hard challenge for future work.
Appendix A.
Let V(t) ⊂M be an arbitrary spatial domain transported by a compressible fluid, and let
νˆ be the outward unit normal on the domain boundary ∂V(t).
For a general non-isentropic equation of state (2.7), the kinematic conserved densities
(3.3)–(3.7) yield the conserved integrals
d
dt
∫
V(t)
ρdV = 0 (A.1)
d
dt
∫
V(t)
ρf(S)dV = 0 (A.2)
d
dt
∫
V(t)
ρ(1
2
g(u, u) + e)dV = −
∫
∂V(t)
Pg(u, νˆ)dA (A.3)
d
dt
∫
V(t)
ρg(u, ζ)dV = −
∫
∂V(t)
Pg(ζ, νˆ)dA (A.4)
d
dt
∫
V(t)
ρ(ψ − tu⌋∇ψ)dV =
∫
∂V(t)
tP∇ψ⌋νˆdA (A.5)
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where Lζg = 0 and L∇ψg = 0. For the polytropic equation of state (3.8), the extra kinematic
conserved densities (3.10) and (3.11) yield the conserved integrals
d
dt
∫
V(t)
ρ(g(u, ξ)− 1
2
λt(g(u, u) + nP ))dV = −
∫
∂V(t)
Pg(ξ − tλu, νˆ)dA (A.6)
d
dt
∫
V(t)
ρ(θ − tu⌋∇θ + 1
4
λt2(g(u, u) + nP ))dV = −
∫
∂V(t)
tP (∇θ⌋νˆ − 1
2
λtg(u, νˆ))dA (A.7)
where Lξg = λg and L∇θg = λg with ∇λ = 0. The conserved integrals yielded by the extra
kinematic conserved densities (3.12) and (3.13) for the isobaric-entropy equation of state
(3.9) are given by
d
dt
∫
V(t)
ρg(u, ζ)f(S)dV = −
∫
∂V(t)
h(s)g(ζ, νˆ)dA (A.8)
d
dt
∫
V(t)
(1
2
ρg(u, u)f(S)− h(s))dV = −
∫
∂V(t)
h(s)g(u, νˆ)dA (A.9)
where
h(S) =
∫
f(S)P ′dS. (A.10)
Note the conserved integral (A.4) describes linear momentum if the Killing vector ζ is
curl-free (irrotational) and non-vanishing at every point in M , or angular momentum if the
Killing vector ζ is not curl-free and vanishes at a single point (center of rotation) in M
around which its integral curves are closed. If the Killing vector ζ does not have either of
these properties, then the conserved integral (A.4) can be viewed as describing a generalized
momentum whose physical interpretation depends on the nature of the zeroes and integral
curves of ζ in M .
Appendix B.
To begin, a complete transcription between geometric notation and tensorial index nota-
tion will be listed.
Notation. Vector product operations:
a⌋b←→ aibi, a ∧ c←→ 2a
[icj], a⊙ c←→ 2a(icj) (B.1)
where a, c are arbitrary vector fields and b is an arbitrary covector field, on M .
Tensor product operations:
A⌋B ←→
{
Ai1···imj1···jpB
j1···jp if rankA ≥ rankB
Aj1···jpB
j1···jpi1···im if rankB ≥ rankA
(B.2)
A ∧ C ←→
(p+ q)!
p!q!
A[i1···ipCj1···jq], A⊙ C ←→
(p+ q)!
p!q!
A(i1···ipCj1···jq) (B.3)
where A,B,C are arbitrary tensor fields on M .
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Geometrical structures and operators:
g ←→ gij, ǫ←→ ǫi1···in, ǫ←→ g
i1j1 · · · ginjnǫj1···jn = ǫ
i1···in (B.4)
Riem←→ Rijk
l, R←→ Rikj
kgij = R (B.5)
∇ ←→ ∇i, d iv ←→∇i, Div ←→ Di (B.6)
grad ←→ gij∇j = ∇
i, Grad ←→ gijDj = D
i, (B.7)
Gradm ←→ Di1 · · ·Dim, (Gradm)∗ ←→ (Di1 · · ·Dim)∗ = (−1)mDim · · ·Di1 (B.8)
Fluid velocity, pressure gradient, and their covariant derivatives:
u←→ ui (B.9)
u⌋∇ ←→ ui∇i, d iv u←→∇iu
i, curl u←→ 2∇[iuj], ∇u←→∇iu
j, (B.10)
GradP ←→ DiP (B.11)
Covariant derivative identities:
[∇i,∇j ]f = 0, [∇i,∇j]a
k = −Rijl
kal, [∇i,∇j]bk = Rijk
lbl (B.12)
where f is an arbitrary scalar function, a is an arbitrary vector field and b is an arbitrary
covector field, on M .
Lie derivative identities:
LuAii···iq = u
kDkAii···iq + qAk[i2···iq∇i1]u
k (B.13)
= (q + 1)ukD[kAii···iq] + qD[i1|(u
kAk|i2···iq]) (B.14)
= Dk(u
kAii···iq) + (q + 1)A[ki2···iq∇i1]u
k (B.15)
where A is an arbitrary skew tensor field, on M .
Symmetries of Riemann tensor:
R[ijk]
l = 0, Ri[jk]
lglm = −Rm[jk]
lgli (B.16)
Euler operator and its properties. The covariant spatial Euler operator (2.26) is given
by
Ev =
∂
∂v
+
∑
m≥1
(−1)mDkm · · ·Dk1
∂
∂∇k1 · · ·∇kmv
(B.17)
in the case of a scalar field v, and
E
vi1···ipj1···jq
=
∂
∂vi1···ipj1···jq
+
∑
m≥1
(−1)mDkm · · ·Dk1
∂
∂∇k1 · · ·∇kmv
i1···ip
j1···jq
(B.18)
in the case of a tensor field vi1···ip j1···jq . In all cases, the Euler operator is uniquely determined
by the following variational identity
f ′(wi1···ipj1···jq) = w
i1···ip
j1···jqEvi1···ipj1···jq
(f) + DivΘ(f, wi1···ipj1···jq) (B.19)
holding for an arbitrary tensor field wi1···ip j1···jq and an arbitrary scalar function
f(x, vi1···ipj1···jq ,∇kv
i1···ip
j1···jq , . . . ,∇k1 · · ·∇kmv
i1···ip
j1···jq), where a prime denotes the Frechet
derivative with respect to vi1···ip j1···jq . There is an explicit expression for Θ in terms of
wi1···ipj1···jq and partial derivatives of f , which we will not need here. The identity (B.19)
leads to a simple proof of Lemma 2.1.
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If f = Div F then f ′(wi1···ipj1···jq) = Div F
′(wi1···ipj1···jq), and hence the identity (B.19)
holds only if wi1···ipj1···jqEvi1···ipj1···jq
(f) = 0 and Θ(f, wi1···ip j1···jq) = F
′(wi1···ipj1···jq). This
directly implies E
vi1···ip j1···jq
(Div F ) = 0, since the tensor field wi1···ipj1···jq is arbitrary.
Conversely, if E
vi1···ip j1···jq
(f) = 0 then the identity (B.19) becomes f ′(wi1···ipj1···jq) =
DivΘ(f, wi1···ip j1···jq). A homotopy integral can now be used to obtain f . Let
v(λ)
i1···ip
j1···jq be a one-parameter homotopy such that v(1)
i1···ip
j1···jq = v
i1···ip
j1···jq
with v(0)
i1···ip
j1···jq = v0
i1···ip
j1···jq being a fixed tensor field. Hence
d
dλ
f
∣∣
v=v(λ)
=
f ′(∂λv(λ)
i1···ip
j1···jq)
∣∣
v=v(λ)
= DivΘ(f
∣∣
v=v(λ)
, ∂λv(λ)
i1···ip
j1···jq), which implies f = Div F with
F =
∫ 1
0
Θ(f
∣∣
v=v(λ)
, ∂λv(λ)
i1···ip
j1···jq)dλ+Θ0, where Θ0 is any vector field satisfying DivΘ0 =
f
∣∣
v=v0
.
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